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E-mail address: x.martinez@upc.edu (X. Martinez)The numerical simulation of complex failure modes of composite materials, such as delamination, can be
computationally very demanding, as it requires special elements and/or numerical strategies to charac-
terize damage onset and propagation. This work presents several formulations developed to optimize the
computational performance of an explicit finite element code designed specifically for the simulation of
large scale composite structures. The composite mechanical performance is obtained with the matrix-
reinforced mixing theory, a simplified version of the serial/parallel mixing theory that does not require
an iterative procedure or the calculation of the tangent stiffness matrix. The number of elements required
to perform the simulation is reduced by stacking several layers inside a single finite element. This work
also proposes a modification of the isotropic damage law, capable of taking into account the residual
strength provided by friction in type II fracture modes. The ability of these formulations to successfully
predict the mechanical performance of composite materials is assessed with the ply drop-off test. In this
test a laminate with a change of thickness in its mid-span is loaded until it breaks due to a delamination
process. The formulation proposed obtains a very accurate prediction of the experimental response of the
test, as it provides a very good characterization of the initial laminate stiffness, the delamination onset,
and its propagation along the specimen.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The use of newmaterials in structural applications implies deal-
ing with new failure processes, not existing in traditional materi-
als. One of these is the delamination failure found in laminated
composites. This failure is produced by the loss of adherence be-
tween the different layers of the composite, which leads to a reduc-
tion of the section strength and stiffness. Delamination is a critical
failure mode in composites, not because it causes the structure to
break, but because it splits the composite in different layers not
connected between them, modifying the structural performance
of the composite and leading to its failure because of other
mechanical phenomenons such as buckling, excessive vibration,
or loss of fatigue life [1]. With this scope, Bolotin [2] defines two
types of delamination processes: internal and near the surface.
While the first ones affect the whole composite performance, thell rights reserved.
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.second ones only affect the external layers of the composite and
lead to a local buckling failure.
Delamination is usually characterized by two different pro-
cesses: delamination onset and crack propagation. Delamination
onset is defined by the capability of the composite to resist the ini-
tial apparition of damage. Delamination propagation is driven by
the damage tolerance of the material, which can be understood
as the capability of a damaged material to sustain a load maintain-
ing its structural performance.
A detailed survey of the historical treatment of the delamina-
tion problem, and of the procedures used nowadays to deal with
it, can be found in Refs. [1,3,4]. These surveys show that all authors
that have proposed formulations and simulation methods to char-
acterize the delamination failure agree on solving the problem by
representing the two processes that take place: delamination on-
set, or crack initiation, and its propagation along the composite.
Crack initiation can be obtained by several means, such as compar-
ing the strain or stress states of the material in the region where
delamination initiates, with a critical one [5–8]; in terms of the
traction applied to the specimen, versus its relative displace-
ment [9–11]; or based on the maximum strain energy that can
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[12,13]. Delamination propagation is usually treated opening the
mesh to simulate the crack. Among the different procedures devel-
oped to open the mesh, it is worthy to mention the virtual crack
closure technique (VCCT) [14]. This is based on the assumption
that when a crack is extended, the energy required to open the
crack is the same required to close it. Another procedure that has
increased its popularity recently consists in using elements with
a cohesive zone model [6]. The cohesion elements are placed in
the interface of the layers that can be affected by delamination,
and the fracture propagation in these elements is obtained using
damage mechanics.
Despite conceptual differences between formulations for the
simulation of delamination, such as the VCCT [14] or the cohesive
method [6–9], all available methodologies for delamination rely on
pre-defined interfaces that constrain the path of the crack. If the
path of the delamination is unknown, cohesive or fracture surfaces
must be placed between all plies, which is computationally
expensive.
In contrast to the scope used in known literature to solve the
delamination problem, this work uses continuum mechanics to
simulate the delamination initiation and propagation, without
making any distinction of the elements in which delamination will
take place. The proposed procedure is based on simulating the
composite with a simplified version of the serial/parallel mixing
theory [15], specially developed to be implemented in an explicit
finite element code. The proposed procedure also requires simulat-
ing the composite components with an appropriate constitutive
law. In this work, the fibers are considered elastic, and the matrix
is characterized with a damage formulation.
The serial/parallel mixing theory (SP RoM) is based on the def-
inition of two different compatibility equations between the
strain and stress states of the composite constituent materials:
it defines an iso-strain condition on the parallel direction, usually
the fiber direction, and it defines an iso-stress condition on the
serial direction, usually the remaining directions. Using these
compatibility equations in a composite made of matrix and fiber,
if the matrix structural capacity is lost due to excessive shear
stresses, the iso-stress condition also reduces the shear capacity
of fiber, and consequently the composite serial strength is also
reduced. It has been already proved in [16] that the structural
failure just described is equivalent to a delamination failure. This
work presents a new version of the SP RoM, called the matrix-
reinforced mixing theory (MR RoM). This formulation has been
developed with the aim of reducing the computational cost of
the SP RoM, without affecting significantly its simulation perfor-
mance, in particular, its ability to predict delamination processes.
The new formulation is validated with the ply drop-off test by
comparing experimental values with the values obtained from a
numerical simulation.
The following section describes the new mixing theory devel-
oped, the MR RoM, and how it is implemented in a finite element
code. It also describes the method used to simulate laminates with
solid elements: by stacking several layers into a single finite ele-
ment. This section also presents a new damage formulation, capa-
ble of taking into account the residual strength of a delaminated
composite due to the friction between the delaminated surfaces.
Next section describes the test simulated. The results obtained
from the simulation are studied and compared to the experimental
ones. Finally, last section presents the conclusions drawn from the
simulation performed.
2. Formulation
The simulations included in this work are made with Compack,
a finite element package result of the collaboration betweenCIMNE and QUANTECH. The mechanical performance of compos-
ites is obtained with the serial/parallel mixing theory [15]. The
code contains implicit and explicit solution strategies. While it
has already been proved the ability of the implicit solver to simu-
late a delamination process [16], this work will show how the ex-
plicit solver deals with it. In the following are described the
formulations developed and the procedures used for that purpose.
2.1. Characterization of composite materials
2.1.1. Serial/parallel mixing theory
The serial/parallel mixing theory (SP RoM) is based on the dif-
ferentiation and separation of the composite mechanical response
into two components: a parallel and a serial one. The parallel com-
ponent corresponds to the direction in which fibers are aligned,
and the serial component corresponds to the rest of directions.
The separation of the composite response in these two directions
has been already used by many authors [17,18] to obtain the elas-
tic components of fiber reinforced composites (FRP); however,
none of these authors provide a formulation capable of predicting
the composite performance when one of its constituents gets into
the non-linear range (due to damage or plasticity, for example).
The SP RoM acts as a constitutive equation manager, and is
capable of successfully predict the structural performance of the
composite, taking into account the specific behavior of the com-
posite in its parallel and serial direction, as well as the non-linear-
ities of the composite components [15,19]. To do so, the strain
tensor of the composite (ce) is split into its parallel and serial com-
ponents (ceP and ceS, respectively) using a fourth order projector
tensor, PP. This tensor is obtained using vector e1, which defines
the fiber orientation in the composite. The procedure to perform
this decomposition is described in the following:
ce ¼ ceP þ ceS with ceP ¼ PP  ce  PP
and ceS ¼ ðI  PPÞ  ce  ðI  PPÞ ð1Þ
being, PP = (e1  e1)  (e1  e1) and I the identity.
Once knowing the parallel and serial components of the com-
posite, it is possible to apply to each one the compatibility condi-
tions that define how the composite constituents, fiber and
matrix, interact between them:
Parallel direction :
ceP ¼ f eP ¼ meP




ceS ¼ f k  f eS þ mk  meS
crS ¼ frS ¼ mrS
(
ð3Þ
The strains of fiber and matrix are obtained from the composite
strains, using the compatibility Eqs. (2) and (3). Once the strains
are known, the stresses of both components are calculated accord-
ing to their own constitutive law. It is important to remark that
each composite constituent can be modeled using an independent
constitutive equation; and that the SP RoM allows using any mate-
rial law such plasticity, damage, or visco-elasticity. The resultant
stresses, obtained from the constitutive equation of fiber and ma-
trix, have to fulfill the compatibility Eqs. (2) and (3).
Compatibility equations are easily matched in the parallel
direction, as the parallel strains of fiber and matrix are obtained
straightforward from the composite strains. However, the compat-
ibility equations are not fulfilled so easily in the serial direction: it
is necessary an initial prediction of either fiber or matrix serial
strains, in order to obtain the other one. And the serial strains con-
sidered must be chosen wisely, so that the serial stresses obtained
for both components end up being the same. If fiber and matrix
have a linear elastic behavior, it is possible to calculate the serial
Table 1
Results obtained for a laminate with the SP RoM and the MR RoM.
Longitudinal load Transverse load
SP RoM MR RoM SP RoM MR RoM
Load (kN) 171.92 171.84 19.69 19.56
Displacement
(mm)
0.20 0.20 0.10 0.10
Stiffness (kN/m) 8.596  105 8.593  105 1.969  105 1.956  105
Error 0.04% 0.64%
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However, if any of the two component materials is non-linear, it
is necessary to use an iterative procedure in order to calculate
the serial strains that fulfill Eq. (3). This procedure, based on a
Newton–Raphson scheme, is fully described in [15]. The ability of
the SP RoM to successfully predict the mechanical performance
of composite materials, once their components have reached the
non-linear range, has been proved in previous works such as
[15,19,20].
2.1.2. Matrix-reinforced mixing theory
An explicit time integration method requires evaluating many
times the constitutive equation of the material, as the time step
in which the problem is divided is very small in order to avoid
numerical instabilities. Under these conditions, a constitutive law
like the SP RoM, that requires an iterative procedure to obtain
the composite stress, makes the calculation very time consuming,
being impossible to apply the formulation to perform large simula-
tions of composite structures. So, it becomes imperative to develop
a simplified version of the serial/parallel mixing theory, computa-
tionally less demanding.
This work proposes what will be called the Matrix-reinforced
mixing theory (MR RoM), which is based on the concept of vanish-
ing fiber diameter defined by Dvorak and Bahei-el-Din [21]. The
MR RoM states that in multi-layer laminates the contribution of fi-
bers to the stiffness and strength in the transverse direction of a
single layer can be neglected, especially if the laminate has several
layers oriented in different directions. In this last case, the trans-
verse strength of the laminate is provided by the layers with fibers
oriented in the transverse direction. These assumptions lead to the
following compatibility equations:
Parallel direction :
ceP ¼ f eP ¼ meP








With these new compatibility equations it is possible to calcu-
late directly the parallel components of the fiber and matrix
strains, as well as their serial components. So it is possible to eval-
uate the constitutive equations of both materials, thus avoiding the
iterative procedure required by the SP RoM. Once the stresses of fi-
ber and matrix are known, the composite stresses are calculated
with the compatibility Eqs. (4) and (5).
Another advantage of the MR RoM is that it does not require the
evaluation of the tangent stiffness tensor of the composite constit-
uents, which is required by the iterative process of the SP RoM.
And, since this tensor is not needed by the explicit integration
scheme either, its calculation is not required at any time. This is an-
other important reduction of the computational cost in the simula-
tion, as this tensor is not always easy to obtain and, in some cases,
requires of very time consuming procedures such as a numerical
derivation [19].
Therefore, taking into account that the iterative procedure of
the SP RoM will require performing a minimum of twice the num-
ber of operations required in a non-iterative process, and that the
number of operations that have to be performed to calculate tan-
gent stiffness matrix is larger than the number of operations per-
formed by the MR RoM; it can be said that in a non-linear case,
the MR RoM reduces by a factor of three or more the computa-
tional cost of calculating the composite stresses, when compared
with the SP RoM.
In order to prove the capability of the MR RoM to simulate lam-
inated composites, in the following is compared the stiffness ob-
tained for a laminate with the SP RoM and the MR RoM. Twodifferent numerical simulations have been performed with each
formulation, applying in the first one a longitudinal load and in
the second one a transverse load. The composite simulated is a
25  25 mm laminate specimen, manufactured with 18 layers of
IMS/977.2 prepeg with the following stacking sequence (45/02/
+45/+90/+45/02/45)s. The mechanical properties of this compos-
ite, and of its constituent materials, are described in Section 3.1,
when describing the experimental test performed to validate the
formulation presented. The longitudinal load corresponds to the
direction of the layers with fibers oriented at 0. The results ob-
tained for each simulation are shown in Table 1, which shows
the final load and displacement obtained for each simulation.
These two values have been used to calculate the laminate stiffness
in each direction. The comparison of the longitudinal and trans-
verse stiffness shows that both formulations provide nearly the
same results, with a discrepancy slightly larger (but smaller than
a 1%) on the transverse stiffness than in the longitudinal one.
The differences shown in Table 1, regarding the transverse stiff-
ness of the composite, are larger if the transverse displacement
studied corresponds to the deformation of the composite due to
Poisson effects. These results have been obtained from the longitu-
dinal load simulation and are shown in Table 2. This table shows
that the difference in the transverse stiffness obtained when com-
paring the SP RoM and the MR RoM results is nearly a 19%; this dif-
ference is reduced to a 15% when comparing the ‘‘through the
thickness” stiffness. Despite the differences shown by this table,
it has to be noted that the contribution of the Poisson effect to
the global deformation of the laminate is rather small, when com-
pared to the longitudinal deformation or to the deformation result
of a transverse load, so it does not affect significantly the final re-
sult of the simulation.
Based on the results obtained with both simulations (shown in
Tables 1 and 2), it can be concluded that the matrix-reinforced
mixing theory is a suitable formulation for an explicit algorithm
because, although it is less precise than the serial/parallel mixing
theory in the transverse direction, it has the advantage of being sig-
nificantly faster: as it neither requires an iterative process, nor the
calculation of the tangent stiffness matrix.2.1.3. Simulation of laminates using solid elements
The best way to simulate laminate composites using solid ele-
ments is by placing an element in each layer of the laminate. How-
ever this is not feasible in most cases as the number of layers can
be in the order of hundreds. Therefore, it is necessary to use a pro-
cedure capable of compacting some layers in a single element, as it
is shown in Fig. 1, in which is represented a three-dimensional so-
lid finite element containing three layers of a laminate oriented at
(0/90/0).
Because a solid finite element does not have bending efforts in
its formulation, in-plane strains (e1 and e2) must be equal for all
layers contained in laminate depicted in Fig. 1; therefore, these lay-
ers present a parallel behavior and the mixing theory can be ap-
plied to them. On the other hand, in the out-of-plane direction
(e3), layers present a serial distribution and the performance of
Table 2
Transverse stiffness due to Poisson obtained for a laminate. SP RoM versus MR RoM.
Transverse direction Through the thickness direction
SP RoM MR RoM SP RoM MR RoM
Longit. load (kN) 171.92 171.84 171.92 171.84
Transv. displ. (mm) 0.072 0.088 0.007 0.006
Stiffness (kN/m) 2.401E + 06 1.947E + 06 2.426E + 07 2.796E + 07
Error 18.9% 15.3%
Fig. 1. Strains in a 3D finite element representing a laminate.
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However, in a laminate structure, out-of-plane strains are very
small compared with the in-plane strains, so the error obtained
in the simulation, if all layers are defined with the same strain va-
lue in the through the thickness direction, will be negligible.
Defining an iso-strain behavior for all layers existing in the fi-
nite element, and assuming that the error obtained with this
approximation is negligible, the parallel mixing theory can be ap-
plied to the finite element to obtain its stresses, considering each
layer a constituent material. The parallel mixing theory is defined
by the following compatibility equations:
ee ¼ L1e ¼ L2e ¼ . . . ¼; Lne
er ¼ L1k  L1rþ L2k  L2rþ . . . þ Lnk  Lnr
(
ð6Þ
Being ee and er the strains and stresses in the finite element, and
Lie and Lir the strains and stresses of layer i; Lik is the volumetric
participation of layer i in the finite element. Once the strain in each
layer is know, the stresses will be computed using the matrix-rein-
forced mixing theory, in order to take into account the unidirec-
tional behavior of fiber material in the layer.
With the procedure described, it has to be noted that to con-
sider the bending effects in laminate composites, it is necessary
to simulate the laminate with more than one finite element along
its thickness. However, this has to be done in all simulations in
which laminate structures are simulated with solid elements,
either if the material is a laminated composite or if it is a single
homogeneous material. The advantage of the formulation de-
scribed is that laminates with large number of layers, like the ones
used in aeronautical applications, can be simulated with solid ele-
ments representing stacks of several layers, reducing significantly
the computational time required to perform the simulation, as this
time is proportional to the mesh size.
2.2. Characterization of matrix material: damage formulation
2.2.1. Isotropic damage formulation
Material degradation in a continuum solid due to a fracture pro-
cess can be simulated with a damage formulation. This formulation
takes into account the reduction of the effective area of the mate-
rial, reducing its stiffness properties. The procedure proposed in
this work to simulate delamination uses a damage constitutive
law to predict the matrix mechanical performance. The damage
model considered is the isotropic continuum damage formulation
developed by Oliver et al. [22,23].An isotropic damage formulation is based in the introduction of
a scalar internal variable, the damage parameter d, that represents
the level of degradation of the material. This variable takes values
ranged between 0 and 1, being zero when the material is not dam-
aged and one when the material is completely damaged. The dam-
age parameter is used to transform the real damaged stress tensor,
r, into an effective stress tensor, r0. The effective stress is the
stress that will be obtained if the material is not damaged. There-
fore, the relation between the damaged stress and the strain in the
material depends on the damage parameter and the elastic stiff-
ness tensor (C0):
r  ð1 dÞ  r0 ¼ ð1 dÞ  C0 : e ð7Þ
When a damage formulation is used to describe the constitutive
performance of a given material, it is necessary to define: (1) The
stress value at which damage starts and (2) the evolution of the
damage parameter as the load applied increases. Both aspects are
determined with a constitutive equation [24] that can be written
as:
Fðr0; qÞ ¼ f ðr0Þ  cðdÞ 6 0 with q  d ð8Þ
being Fðr0 ; qÞ the function used to define the damage surface,
which is divided in a function depending on the stress tensor,
f(r0), and a function depending on the damage parameter, cðdÞ .
Damage starts the first time that the value of f(r0) is equal or larger
than cðdÞ.
The characterization of damage onset and evolution with a con-
stitutive equation makes possible to use any model already defined
in literature, such as Von-Mises, Mohr–Coulomb or Drucker–Prag-
er, to characterize the mechanical behavior of the damaged mate-
rial. Of all of them, the present work uses the norm of the principal
stresses, with a different degradation path for tension and com-
pression loads. This can be written as:
f ðr0Þ ¼ q  krIk ð9Þ
with rI the principal stress tensor and q a function that weights the
proportion of tension and compression stresses that are applied to
the material. This weight function is defined as:








being sc and st the ultimate strength of the material in compression
and tension, respectively, and hxi the McAully function, which is de-
fined as: hxi = 0.5(x+|x|)
The variation of the damage parameter is obtained using the
damage consistency parameter and the Kuhn–Tucker condition
[23], being possible to explicitly integrate the damage internal var-
iable to obtain:
cðdÞ ¼ maxfsc;maxff ðr0Þgg
d ¼ Gðf ðr0ÞÞ
ð11Þ
Being G a C1 positive function, with its derivative also positive.
The function G defines the softening evolution of the material. The
Fig. 3. Comparison of damage law with and without friction parameter.
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the following expression:
Gðf ðr0ÞÞ ¼ 1 scf ðr0Þ e
Að1f r0ð Þsc Þ ð12Þ
where A is a parameter that depends of the fracture energy of the









Being C0 the elastic stiffness of the material, Gc the fracture
compression energy of the material and lf the fracture length. This
last parameter corresponds to the length of the finite element in
which is applied the damage formulation. This parameter is re-
quired to take into account that the energy dissipated in a fracture
process depends on the element size. The introduction of the frac-
ture length in the formulation makes the degradation process
mesh independent [16].
2.2.2. Isotropic damage with friction
As has been described, the damage parameter d provides the
degree of deterioration of the material. When d = 1 the material
is considered to be fully deteriorated, and it cannot provide further
strength to the structure: stresses in the material are null. In a fi-
nite element simulation, this situation implies that the elements
found around the damaged element can move freely, without
any structural restriction. This mechanical performance is correct
if the fractured surface is perpendicular to a tensile force applied
to the structure, which corresponds to a fracture mode I (Fig. 2a).
However, if the fracture is in mode II or mode III (Fig. 2b and c), this
statement is not fully correct, as the fracture surface can still devel-
op some strength through effects such as friction.
Despite all existing research dealing with the delamination
problem, the effect of friction on delamination is seldom consid-
ered. A first approach to this subject is made by Stringfellow and
Freund [25], in which the effect of friction is evaluated in the
delamination of a thin from a substrate. In their approach, the
authors develop an analytical model that is based on the disloca-
tions found in crystal materials, which are represented by the Bur-
ger’s vector [26]. The model is implemented in a finite element
code and is used to prove that friction is one of the main responsi-
ble effects determining the toughness strength of mode II fractures.
Regarding the effect of friction in delamination of composite
laminates, Davidson and Sun [27] have studied the role of friction,
among other parameters such as geometry and fixture compliance,
in the delamination toughness obtained in mode II delamination
tests. These authors add a new term to the energy balance used










with We the work done by the external forces, U the strain energy,
Wf the work of the frictional forces, B the sample width, and a theFig. 2. Fracture modes: (a) mode I or opening mode, (b) mfracture length. The variation of the work done by frictional forces
is obtained as the product of the tangential force by the tangential
displacement. The authors include the effect of friction, among oth-
ers, in the finite element simulation of three- and four-node bend-
ing tests in order to determine the reliability of the results obtained
with each one of these tests.
The objective of all the studies found in literature, like the ones
just presented, is to assess the effects of friction in delamination
toughness. However, no study has been found in which frictional
effects are considered to take into account the residual strength
provided by the fractured surface in mode II delamination. Hereaf-
ter is proposed a first approach to take into account this phenom-
enon, based on the addition of an empirical parameter into the
isotropic damage formulation.
In order to take into account the residual strength provided by
the fractured surface in a mode II fracture process, such as delam-
ination, a friction damage parameter, dfric, is introduced into the
damage formulation. This parameter defines the residual stress
that remains in the material due to friction effects. The definition
of this residual stress is equivalent to define a maximum value that
can be reached by the damage parameter d. Therefore, the relation
between the real damaged stress tensor r and the effective stress
tensor r0 becomes:
r ¼ ð1 dÞ  r0 with d ¼ minfd;dfricg ð15Þ
The frictional damage parameter,
dfric ¼ 1 s
RS
f ðr0Þ ð16Þ
is obtained from the residual stress sRS of the material, which is de-
fined as a percentage of the stress threshold sc. This percentage is a
material property that has to be measured experimentally.
Fig. 3 shows an example of the mechanical behavior that is ob-
tained, in a unidirectional case, when a material is simulated with
the frictional damage formulation just presented. This figure shows
the stress–strain graph obtained for a material simulated with theode II or shear mode and (c) mode III or tearing mode.
Table 3
Mechanical properties of the UD prepeg IMS/977.2.
E1 (GPa) E2 (GPa) E3 (GPa) G12 (GPa) G13 (GPa) G23 (GPa)
175.0 7.9 7.9 4.3 4.3 4.3
GIc (J/m2) GIIc (J/m2) GIIIc (J/m2) m t (mm)
555.0 738.0 738.0 0.30 0.26
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rial when it is simulated with the damage model without friction.
The material considered corresponds to the matrix material that is
used to validate the formulation, which is described in detail in
Section 3.1. This material has a stress threshold of 85 MPa and a
frictional residual stress of 2.5% the threshold (2.125 MPa).
It is important to notice that with the definition made of the
friction parameter, the constitutive damage equation continues
being isotropic; hence all stress directions have the same level of
damage. This implies that in mode II fractures, like the one de-
picted in Fig. 2b, the formulation considers the friction effect but
also a contact effect, as the remaining transverse stiffness on the
fractured elements avoids the interpenetration of one side of the
structure into the other one.
3. Simulation of the ply drop-off test
3.1. Test description
To validate the formulation presented in previous section, in the
following are compared the results of an experimental test with
the results obtained from a numerical simulation of this same test.
The validation is made with the ply drop-off test. This test consists
in applying a tensile force to a laminate with a variation of its
thickness at its mid-span. A section with a change of thickness
gives an eccentricity to the load applied, which generates a bend-
ing moment in the section containing the thickness variation.
The shear stress induced by this bending moment leads to a rup-
ture of the specimen due to a delamination process.
3.1.1. Experimental test
The experimental results of the ply drop-off test have been ob-
tained from Airbus Spain, in the frame of the Femcom project. The
test set-up and the dimensions of the specimen are schematically
represented in Fig. 4. The laminate used is made with the prepeg
unidirectional tape IMS/977-2. The experimental specimen has
18 layers in its thinner region and 27 layers in its thicker region.
The thickness variation takes place in a length of 3.344 mm. The
stacking sequence of the laminate is depicted in Fig. 5, and theFig. 4. Ply drop-off test specimen and load applied.
Fig. 5. Stacking sequence of the dimaterial properties of the UD prepeg provided by the manufacturer
are described in Table 3. The specimen is loaded with a tensile
force, which is applied with a controlled displacement.
3.1.2. Numerical simulation
The numerical simulation of the ply drop-off test is made using
three-dimensional solid elements. In order to reduce the computa-
tional cost of the simulation, the solid laminate formulation previ-
ously described is used, staking layers in groups of three. Fig. 6
shows the element discretization along the thickness and the com-
posite materials defined to each element. This figure shows that
only two different solid laminate materials have to be defined:
Material 1: Composed by two layers at 0 and one layer at 45
Material 2: Composed by two layers at +45 and one layer at
+90.
It is worth to notice that the stacking sequence of Material 1 is
not the same for all elements. However, as the formulation applies
the same deformation to all layers contained in a single finite ele-
ment, their relative position inside the element has no effect on the
results. Grouping the materials with this procedure has the advan-
tage of reducing the number of materials that have to be defined in
the simulation, as well as the mesh size.
The composite mechanical performance is calculated with the
matrix-reinforced mixing theory (MR RoM). This theory requires
knowing the mechanical properties of the composite components.
Since the only properties provided by the manufacturer are the
ones of the prepeg, the matrix and fiber characteristics have been
calculated from Table 3 using the following assumptions:
a. The contribution of fiber to the stiffness of the composite is
only in fiber longitudinal direction.
b. Matrix is an isotropic material, with the same tensile and
compression strength.
c. The fiber content in the composite is assumed to be 60%
According to assumption (a), the composite properties in all
directions, except in fiber longitudinal direction, are defined by
matrix material. Therefore, matrix stiffness E2 and E3 must be coin-
cident with composite E2 and E3, which are defined in Table 3. Be-
cause matrix is assumed to be isotropic (b), its stiffness in the
longitudinal direction, E1, is defined with the same value as E2fferent layers of the laminate.
Fig. 6. Materials defined to conduct the numerical simulation of the ply drop-off test.
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and matrix stiffness in longitudinal direction and the assumed fi-
ber volumetric participation (c). Its value is obtained from the par-
allel compatibility equation of the MR RoM (Eq. (4)):
f E1 ¼
cE1  ð1 f kÞ  mE1
f k
ð17Þ
Table 4 contains a summary of the mechanical properties used
to characterize each component material. The value of the matrix
strength has been obtained from the characteristics provided by
the manufacturer of the of CYCOM 977-2 Toughened Epoxy Resin.
Fibers have been defined as a unidirectional elastic material. On
the other hand, matrix has been defined with a damage law that
uses the isotropic damage formulation described in Section 2.2.
To study the effect of friction in the delamination process, two dif-
ferent finite element simulations of the test have been performed,
one in which the friction effect is included in the damage equation,
and another one in which friction effect is neglected. The value of
the friction considered is 2.5% of the matrix tensile strength.
The mesh generated has 6120 linear hexahedrons and 7893
nodes. Based on the material division defined in Fig. 6, the number
of finite elements along the thickness varies from 6 to 9. The mesh
generated, as well as the materials defined, is depicted in Fig. 7. The
boundary conditions applied to the model are the following: The
longitudinal displacement of the left side of the specimen is fixed,
and the right side is moved with a constant velocity during theTable 4
Mechanical properties of the composite components.
Matrix properties Fiber properties
Young modulus 7.9 GPa Young modulus 286.4 GPa
Shear modulus 4.3 GPa Poisson’s ratio 0.0
Poisson’s ratio 0.3 Volume content 60.0*%
Tensile strength 85.0 MPa
Fracture energy 738.0 J/m2
Volume content 40.0*%
* Assumed value.
Fig. 7. Mesh defined to performwhole simulation. The final displacement reached by the right side
of the structure is 2.0 mm.
3.2. Results obtained
3.2.1. Comparison between the experimental and the numerical results
The validity of the formulation proposed to simulate a delami-
nation process is assessed comparing the force–displacement
graph obtained from the experimental test and the numerical sim-
ulation. The force represented in the graph corresponds to the total
tensile force applied to the sample. The displacement corresponds
to the movement of the right end of the sample, result of the ap-
plied load. Fig. 8 shows the force–displacement graph for the
experimental test and for the two numerical simulations per-
formed, the one in which matrix is represented with the isotropic
damage law and the one in which the matrix uses the damage with
friction law (models PDOt-3D and PDOt-3D Fric, respectively).
The comparison of the results shown in Fig. 8 shows a very good
agreement between the composite experimental stiffness and the
numerical stiffness obtained from the simulations. This figure also
shows an oscillation in the force–displacement graph of the exper-
imental results for an applied displacement of 1.00 mm. This oscil-
lation corresponds to delamination onset. The right side of the
figure, in which the graph is magnified, shows that this oscillation
appears also in the two numerical simulations performed, for an
applied displacement of 1.15 mm. In all results, numerical and
experimental, the oscillation takes place for the same applied force
of 85 kN. It will be further shown that in the numerical simulation,
this force also corresponds to the load at which the delamination of
the specimen begins. Therefore, both simulations are capable to
predict the delamination onset with no error on the load, and with
an error smaller than a 15% in the displacement. Fig. 8 shows that
the agreement obtained in the sample stiffness, after the initiation
of the delamination failure, is also very good.
Therefore, both numerical simulations match the initial stiff-
ness of the laminate, the load at which delamination takes place,
and the stiffness of the laminate once the delamination process
has begun. This last stiffness is slightly larger in the simulationthe numerical simulation.
Fig. 8. Force–displacement graph of the experimental test and the numerical simulations.
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as a result of the residual strength provided by friction. At the light
of these results, it can be concluded that the formulation proposed
is capable of simulating and predicting a delamination process in a
laminated composite.
3.2.2. Detailed study of the numerical results
Once having assessed that the formulations proposed are valid
to characterize delamination in composites, in the following are
studied in detail the results obtained with the different numerical
simulations, in order to have a better understanding of the perfor-
mance of these formulations.
The first thing that has to be validated is that the eccentricity of
the load, due to the specimen configuration, leads to a bending mo-
ment in the numerical simulation; and that this bending moment
generates a shear stress in the cross section that contains the thick-
ness variation. These two effects must be reproduced by the
numerical simulation as these are the ones that will lead to the
delamination fracture of the specimen. Fig. 9 shows, for the
PDOt-3D model, that both effects are perfectly reproduced by the
simulation. The existence of the bending moment is shown in
Fig. 9a, where is represented the vertical deformation of the spec-
imen for an applied displacement of 0.5 mm. Fig. 9b shows the
shear stresses in the specimen for the same applied displacement.
In both figures the deformed structure has been magnified by 50
for a better visualization.
Once assessed that the effects that lead to delamination are
properly represented by the numerical model, in the following isFig. 9. Vertical displacement and shear stresses in the PDOt-3Dproved that the shear stresses shown in Fig. 9b are responsible of
the delamination process, and that this delamination takes place
for an applied longitudinal displacement of 1.15 mm (as shown
in Fig. 8).
Delamination can be defined as the impossibility of transmit-
ting shear stresses between two adjacent layers of the composite.
In the matrix-reinforced mixing theory, the shear stresses of the
composite are defined by the serial stresses of matrix material
(Eq. (5)). When matrix is completely damaged it cannot develop
serial stresses, so the composite cannot develop them either. This
mechanical behavior corresponds to a delaminated composite,
and makes possible to represent the evolution of delamination
with the evolution of matrix damage parameter [16].
Fig. 10 shows matrix damage parameter together with the shear
stresses in the composite for two different load steps. The first load
step corresponds to an applied displacement of 1.125 mm. At this
stage is possible to see an incipient damage in the matrix, in the
first line of elements in which the composite thickness increases.
This damage is consequence of the shear stress, which has also
its maximum value in these elements. Next load step shows that
matrix damage has propagated further inside the specimen or, in
other words, it shows that delamination has begun and that it is
progressing along the specimen. At this stage, shear stresses are
zero in the damaged elements and they are maximum in the ele-
ment adjacent to the last damaged one: the crack tip. These stres-
ses are the responsible of delamination propagation. Therefore,
Fig. 10 shows that the initiation of delamination in the specimen
starts for a displacement between 1.125 and 1.150 mm, coincidingmodel for an applied longitudinal displacement of 0.5 mm.
142 X. Martinez et al. / Composites: Part B 42 (2011) 134–144with the results shown by the force displacement graph depicted
in Fig. 8.
Finally, Fig. 11 shows the evolution of delamination along the
composite for the two models developed: PDOt-3D and PDOt-3D(a)
(b)
Fig. 10. Evolution of damage parameter a
Fig. 11. Evolution of delamination in the PFric. Like in Fig. 10, delamination is represented by the matrix
damage parameter. This figure proves that the formulation proposed
not only is capable of characterizing delamination onset, but it is
also capable of simulating the propagation of the delaminationnd shear stresses (PDOt-3D model).
DOt-3D and the PDOt-3D Fric models.
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friction in the damage formulation. While Fig. 8 shows that friction
increases the stiffness of the laminate once delamination has
started, this figure shows that delamination propagates slower
when friction is considered, as matrix damage propagates slower
in the PDOt-3D Fric model.
This effect is better shown in Fig. 12, in which is represented the
delaminated length against the displacement applied to the right
side of the specimen. This figure shows that although the final del-
aminated length is nearly the same (166.25 mm when friction is
considered, and 173.75 mm when friction is not considered), the
velocity at which delamination propagates is considerably slower
when friction is added to the damage formulation. The final dela-
minated length is nearly the same because, despite friction, the
specimen cannot assume the total deformation applied to it. There-
fore, during the last load steps of the simulation, the PDOt-3D Fric
model shows an exponential increment of the delamination length.4. Conclusions
This paper has presented several formulations developed to
optimize the computational performance of an explicit finite ele-
ment code. The resulting code is capable of predicting not only
the elastic mechanical performance of composites but also their
material non-linear behavior, including complex fracture processes
such as delamination.
The composite mechanical performance is obtained with the
matrix-reinforced mixing theory. This formulation reduces signifi-
cantly the computational cost of the serial/parallel mixing theory,
as it does not require an iteration process and the calculation of
the tangent stiffness tensor. To reduce the amount of elements in
the simulation, several layers are stacked inside a single solid finite
element. Finally, this paper proposes a modification of the isotropic
damage law that takes into account the residual strength provided
by friction in type II fracture modes.
The ability of all these formulations to predict the mechanical
behavior of composite materials has been proved with the simula-
tion of the ply drop-off test. This test consists in applying a tensile
force to a laminate with a thickness variation in its mid-span. The
sample delaminates because of the efforts generated by the eccen-
tricity in the load, result of the thickness variation. The comparison
of the numerical results with experimental values of the test has
shown that, not only the developed formulations are capable to
successfully predict the elastic performance of the laminate, but
they also provide an excellent prediction of the delamination fail-
ure: its onset and its propagation along the specimen. Friction,Fig. 12. Evolution of delamination length in the PDOt-3D and PDOt-3D Fric models.which is accounted in the damage formulation, plays a role after
delamination initiation akin to an increase in fracture toughness.
It is important to remark that the delamination failure has been
simulated without having to pre-define the region where it is sup-
posed to take place, and without having to add special elements to
characterize it either. All elements in the simulation have the same
material model and properties, and it is the formulation itself what
predicts the delamination onset and its propagation along the
specimen. Therefore, the proposed procedure and formulations
not only are capable of optimizing the computational performance
of an explicit finite element code, but they are also capable of suc-
cessfully simulating complex failure modes such as delamination.
This capability makes the numerical tool developed particularly
well suited to perform large scale simulations of composite struc-
tures, such the ones used in the nautical and aeronautical fields, in
which the computational cost of adding special elements to cap-
ture delamination problems may make the simulation computa-
tionally unaffordable with nowadays calculation capabilities.
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